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Abstract
The induced matching partition number of a graph G, denoted by imp(G), is the minimum
integer k such that V (G) has a k-partition (V1; V2; : : : ; Vk) such that, for each i, 16 i6 k, G[Vi],
the subgraph of G induced by Vi, is a 1-regular graph. This is di3erent from the strong chromatic
index—the minimum size of a partition of the edges of graph into induced matchings. It is easy
to show, as we do in this paper, that, if G is a graph which has a perfect matching, then
imp(G)6 2(G)− 1, where (G) is the maximum degree of a vertex of G. We further show
in this paper that, when G is connected, imp(G) = 2(G)− 1 if and only if G is isomorphic to
either K2 or C4k+2 or the Petersen graph, where Cn is the cycle of length n.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Graphs considered in this paper are @nite and simple. For a graph G, V (G) and
E(G) denote its sets of vertices and edges, respectively. For X ⊆V (G), the neighbor
set NG(X ) of X is de@ned by
NG(X )= {y∈V (G)\X : there is x∈X such that xy∈E(G)}:
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NG({x}) is written in shorter form as NG(x) for x∈V (G). For S ⊆V (G), set
EG(S)= {uv∈E(G): u; v∈ S}:
If I ⊆V (G) such that EG(I)= ∅, I is called an independent set of G. For M ⊆E(G),
set
V (M)= {v∈V (G): there is x∈V (G) such that vx∈M}:
V ({e}) is written in shorter form as V (e) for e∈E(G). For two disjoint vertex subsets
X; Y ⊆V (G), set
EG(X; Y )= {xy∈E(G): x∈X; y∈Y}:
M ⊆E(G) is a matching of G if V (e)∩V (f)= ∅ for every two distinct edges e; f∈M .
A matching M of G is perfect if V (M)=V (G). A matching M of G is near-perfect
[5], if |V (M)|= |V (G)| − 1. A matching M of G is induced [2,3] if EG(V (M))=M .
For a matching M and a vertex subset X ⊆V (M), we de@ne
fM (X )= {y∈V (M)\X : there is x∈X such that xy∈M}:
fM ({x}) is written in shorter form as fM (x) for x∈V (M). A graph G is factor-critical
[5] if |V (G)| is odd and G − v has a perfect matching for every vertex v in G. The
maximum degree of a graph G is denoted by (G). A k-partition of a set X is
a k-tuple (X1; X2; : : : ; Xk) such that X1; X2; : : : ; Xk are mutually disjoint subsets of X
such that ∪ 16i6kXi =X . A k-coloring of a graph G is a k-partition (V1; V2; : : : ; Vk) of
V (G) such that each Vi (16i6k) is an independent set of G. The chromatic number
of G, denoted by (G), is the minimum integer k such that G has a k-coloring. An
induced matching k-partition of a graph G which has a perfect matching is a k-
partition (V1; V2; : : : ; Vk) of V (G) such that, for each i (16i6k), E(Vi) is an induced
matching of G that covers Vi, or equivalently, the subgraph G[Vi] of G induced by Vi is
1-regular. The induced matching partition number of a graph G, denoted by imp(G),
is the minimum integer k such that G has an induced matching k-partition. The induced
matching k-partition problem asks whether a given graph G has an induced matching
k-partition or not. Terminology and notation not de@ned here can be found in [1].
Historically, the induced matching k-partition problem was @rst studied as a combi-
natorial optimization problem ([4], problem [GT16]). By [4,6], the induced matching
k-partition problem is NP-complete, and also NP-complete for k =2 and for 3-regular
planar graphs, respectively. For the induced matching partition number of a graph, it
is easy to show, as we do in this paper, that, if G is a graph which has a perfect
matching, then imp(G)62(G)− 1. The family of connected graphs which attains the
upper bound is characterized in this paper. We show that imp(G)= 2(G)− 1 if and
only if G is isomorphic to either K2 or C4k+2 or the Petersen graph, where Cn is the
cycle of length n.
2. Preliminaries
For a matching M = {x1y1; x2y2; : : : ; xkyk} of a graph G, we denote by G=M the
simple graph obtained from G by identifying each pair of vertices xi and yi to a
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new vertex zi (16i6k), that is, the graph obtained from G by contracting M . The
following result gives another equivalent de@nition of the induced matching partition
number. The proof is routine and is omitted.
Lemma 2.1. For a graph G which has a perfect matching,
imp(G)= min{(G=M): M is a perfect matching of G}:
The following are some well-known results which will be used in the next section.
Lemma 2.2 (Brooks’ Theorem, [1]). For any graph G, (G)6(G)+1 and the equal-
ity holds if and only if G is an odd cycle or a complete graph.
Lemma 2.3 (Gallai–Edmonds Structure Theorem, [5]). LetG be a connected graph. Set
D(G) = {x∈V (G): there is a maximum matching M of G
such that x =∈V (M)};
A(G)=NG(D(G)) and C(G)=V (G)\(A(G)∪D(G)):
Then the subgraph G[C(G)] induced by C(G) has a perfect matching. Furthermore,
if D(G) = ∅, then
(1) the components of the subgraph induced by D(G) are factor critical;
(2) every maximum matching of G contains a near-perfect matching of each compo-
nent of G[D(G)], a perfect matching of G[C(G)] and a matching which matches
all vertices of A(G) with vertices in distinct components of G[D(G)].
3. Main result and proof
Although the upper bound of the induced matching partition number mentioned in
this paper can be easily obtained, we still give its proof for completeness.
Theorem 3.1. For a connected graph G having perfect matchings, imp(G)62(G)−1;
the equality holds if and only if G is isomorphic to either K2 or C4k+2 or the Petersen
graph.
Proof. Let M be an arbitrary perfect matching of G. Set H =G=M . Then (H)62
(G)− 2. By Lemma 2.1, we have imp(G)6(H). By Lemma 2.2 (Brooks’ Theorem),
we have (H)6(H) + 1. By combining the above three inequalities, we deduce
imp(G)62(G)− 1.
Now suppose in the sequel that imp(G)= 2(G)− 1. By the above discussions, we
have
(H)= 2(G)− 2; imp(G)= (H) and (H)=(H) + 1:
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If (G)= 1 or 2, one can easily show that, G is isomorphic to either K2 or C4k+2
Assume (G)¿3. By Lemma 2.2 (Brooks’ Theorem), H must be a complete graph
and so (H)= |V (H)| − 1= 12 |V (G)| − 1. Then we can easily see the validity of the
following two claims.
Claim 1. For every perfect matching T of G,
(1) G=T is a complete graph;
(2) if e and f are two distinct edges of T , then |EG(V (e); V (f))|=1.
Claim 2. Let =(G) (also in the sequel of this paper). Then
(1) |V (G)|=4− 2;
(2) G is a -regular graph;
We further have
Claim 3. Each edge of G lies in a perfect matching of G.
Otherwise, there is an edge xy∈E(G)\M such that xy does not lie in any perfect
matching of G. Let u∈NG(x) and v∈NG(y) such that xu; yv∈M . Let Q=G−{x; y}.
Let A(Q), C(Q) and D(Q) be same as in Lemma 2.3. By the fact |EG({x; u}; {y; v})|=
1, we have uv =∈E(G). Since Q has no perfect matching, F =M\{xu; yv} is a maximum
matching of G − {x; y} and so u; v∈D(Q). Write r= |A(Q)|. By Lemma 2.3 (Gallai–
Edmonds Structure Theorem), Q[D(Q)] has r+2 components, and F contains a near-
perfect matching of each component of Q[D(Q)] and matches all vertices of A(Q) with
vertices in distinct components of Q[D(Q)].
If Q[D(Q)] has at least two nontrivial components, then there are two edges e1; e2 ∈
F ⊆M which lie in distinct components of Q[D(Q)], and so |EG(V (e1); V (e2))|=0.
This contradicts Claim 1(2). Hence, Q[D(Q)] has at most one nontrivial component.
It follows that Q[D(Q)] has at least r + 1 isolated vertices.
Now let X be a vertex subset which consists of r +1 isolated vertices of Q[D(Q)].
Then, for each w∈X , NG(w)⊆A(Q)∪{x; y}. Suppose that z is the only vertex in
D(Q)\X such that M matches z with a vertex in A(Q)∪{x; y}, and that the vertex set
of the component of Q[D(Q)] which contains z is Z . Since |NG(z)∩ (A(Q)∪{x; y})|¿
1, and for w∈X , |NG(w)∩ (A(Q)∪{x; y})|=, we have
|EG(X ∪{z}; A(Q)∪{x; y})|¿(r + 1) + 1:
Let G∗ be the subgraph of G induced by A(Q)∪{x; y}∪X ∪{z}. Set M∗=M ∩E(G∗).
Then M∗ is a perfect matching of G∗. From Claim 1(1), G∗=M∗ is a complete graph.
By Claim 1(2) and by the fact that xy∈E(G), we have
|EG(X ∪{z}; A(Q)∪{x; y})|6(r + 2) + 12 (r + 2)(r + 1)− 1= 12 (r + 4)(r + 1):
Then we deduce
(r + 1)¡(r + 1) + 16 12 (r + 4)(r + 1):
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This implies that r¿2− 4, and so r¿2− 3. Because
4− 2 = |V (G)|=2r + 4 + (|Z | − 1) + |C(Q)|
= 4− 2 + 2(r − 2+ 3) + (|Z | − 1) + |C(Q)|;
we have Z = {z} and C(Q)= ∅. It follows that V (G)=X ∪{z}∪A(Q)∪{x; y}. Now
|EG(X ∪{z}; A(Q)∪{x; y})|=(r + 2);
but
|EG(A(Q)∪{x; y}; X ∪{z})|6(r + 2)− 2 (since xy∈E(G)):
This contradiction completes the proof of Claim 3.
Claim 4. G is triangle-free.
In fact, if G has a triangle (x; y; z; x), then, by Claim 3, G has a perfect matching
F such that xy∈F . Suppose u is the vertex of G such that zu∈F . Then |E({x; y};
{z; u})|¿2. This contradicts Claim 1(2) and completes the proof of Claim 4.
Claim 5. Suppose that (s; t; x; y; s) is a cycle of length 4 in G, T is a perfect matching
of G such that st ∈T and xy =∈T , u∈NG(x)\{y} and v∈NG(y)\{x} are two vertices
such that {u}=fT (x) and {v}=fT (y). Let Q=G − {s; t; x; y}. Then
(1) D(Q) is an independent set of G such that u; v∈D(Q) and |D(Q)|=2− 2;
(2) both fT (NG(u)) and fT (NG(v)) are independent;
(3) NG(u)∩NG(v) is not empty,
(4) ¿4 (or equivalently, if =3, then G is C4-free).
We will prove Claim 5 by the same technique as Claim 3. By Claim 1, uv =∈E(G),
and F =T\{st; xu; yv} is a maximum matching of Q, and so u; v∈D(Q). Write
r= |A(Q)|. By Lemma 2.3 (Gallai–Edmonds Structure Theorem), Q[D(Q)] has r + 2
components, and F contains a near-perfect matching of each component of Q[D(Q)]
and matches all vertices of A(Q) with vertices in distinct components of Q[D(Q)]. As
the proof of Claim 3, Q[D(Q)] has at least r + 1 isolated vertices.
As the proof of Claim 3 again, let X be a vertex subset which consists of r + 1
isolated vertices of Q[D(Q)]. Then, by Claim 4, for each w∈X , |NG(w)∩{s; t}|61
or equivalently |NG(w)∩ (A(Q)∪{x; y})|¿− 1. Suppose that z is the only vertex in
D(Q)\X such that T matches z with a vertex in A(Q)∪{x; y}, and that the vertex set of
the component of Q[D(Q)] which contains z is Z . Since |NG(z)∩ (A(Q)∪{x; y})|¿1,
and for w∈X , |NG(w)∩ (A(Q)∪{x; y})|¿− 1, we have
|EG(X ∪{z}; A(Q)∪{x; y})|¿(− 1)(r + 1) + 1:
Let G∗ be the subgraph of G induced by A(Q)∪{x; y}∪X ∪{z}. Set T ∗=T ∩E(G∗).
Then T ∗ is a perfect matching of G∗. From Claim 1(1), G∗=T ∗ is a complete graph.
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By Claim 1(2) and by the fact that xy∈E(G), we have
|EG(X ∪{z}; A(Q)∪{x; y})|6(r + 2) + 12 (r + 2)(r + 1)− 1= 12 (r + 4)(r + 1):
Then we deduce
(− 1)(r + 1)¡(− 1)(r + 1) + 16 12 (r + 4)(r + 1):
This implies that r¿2− 6, and so r¿2− 5.
If r=2− 5, then
|EG(X ∪{z}; A(Q)∪{x; y})|6 12 (r + 4)(r + 1)= (2− 1)(− 2):
By the fact
4− 2= |V (G)|=2r + 5 + |Z |+ |C(Q)|;
we have |Z | + |C(Q)|=3. Since Q[Z] is factor critical and G is triangle-free, one
can easily see that |Z |=1, and so Z = {z}. Now, for every w∈X ∪{z}, |NG(w)∩
(A(Q)∪{x; y})|¿− 1. Then we have
|EG(X ∪{z}; A(Q)∪{x; y})|
¿(− 1)(r + 2)= (− 1)(2− 3)¿(2− 1)(− 2);
a contradiction. Hence, we must have r¿2− 4.
Because
4− 2 = |V (G)|=2r + 6 + (|Z | − 1) + |C(Q)|
= 4− 2 + 2(r − 2+ 4) + (|Z | − 1) + |C(Q)|;
we have r=2 − 4, Z = {z} and C(Q)= ∅. It follows that V (G)=X ∪{z}∪A(Q)∪
{x; y}∪ {s; t}. Hence, D(Q)=X ∪{z} is an independent set in G such that |D(Q)|=
2− 2. This completes the proof of Claim 5(1).
By the fact that NG(u)⊆A(Q)∪{x} and NG(v)⊆A(Q)∪{y}, we have fT (NG(u))⊆
D(Q) and fT (NG(v))⊆D(Q). Claim 5(2) follows.
By noting that |NG(u)∩A(Q)|= |NG(v)∩A(Q)|=−1 and |A(Q)|=2−4, we have
|NG(u)∩NG(v)|¿|NG(u)∩A(Q)|+|NG(v)∩A(Q)|−|A(Q)|=2. This proves Claim 5(3).
Now the number of edges of the complete graph G=T is 12 (2 − 1)(2 − 2). By
Claim 1, we have
|E(G=T )|+ |T |= |E(G)|:
Since |T |=2− 1 and
|E(G)|¿|E(D(Q); V (G)\D(Q))|+ |E(s; t; x; y; s)|=(2− 2) + 4;
we deduce
1
2 (2− 1)(2− 2) + 2− 1¿(2− 2) + 4:
This implies ¿4. The proof of Claim 5 is completed.
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Claim 6. Suppose ¿4. Then G must have a cycle of length 4. Furthermore, for ev-
ery vertex u∈V (G) and every perfect matching T of G, fT (NG(u)) is an independent
set of G.
Write {x}=fT (u). Because G is triangle-free and |fT (NG(x))\{x}|= − 1¿3,
fT (NG(x))\{x} is not a clique. Let s; v∈fT (NG(x))\{x} be such that s = v and sv =∈
E(G). Then there are t; y∈NG(x)\{u} such that st; yv∈T . By the fact G is triangle-
free, ty =∈E(G). By Claim 1, exactly one of sy and tv is in E(G). Without loss of
generality, suppose that sy∈E(G). Then (s; t; x; y; s) is a cycle of length 4 in G such
that st ∈T and xy =∈T . By Claim 5(2), fT (NG(u)) is an independent set of G. The
proof of Claim 6 is completed.
Claim 7. =3.
Assume, for the sake of contradiction, that ¿4. By Claim 6, G has a cycle of length
4. Let (s; t; x; y; s) be a cycle of length 4 in G. By Claim 3, there is a perfect matching
T of G such that st ∈T . By Claim 1(2), we have xy =∈T . Suppose {u}=fT (x) and
{v}=fT (y). By Claim 5(3), NG(u)∩NG(v) is not empty. Let w∈NG(u)∩NG(v). Then
x; y∈fT (NG(w)). Because xy∈E(G), fT (NG(w)) is not independent. This contradicts
Claim 6 and completes the proof of Claim 7.
The above discussions mean that G is a connected, 3-regular, triangle-free and
C4-free graph with |V (G)|=10. The readers can easily verify that G is isomorphic
to the Petersen Graph. The result follows.
For graphs with maximum degree at least 4, the tight upper bound of imp(G) is still
unaddressed.
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